the right convolution by f . Then if T f is injective, it is surjective as well.
Introduction
In [3] Deninger and Schmidt proved the following theorem : If Γ is a residually finite discrete group and f ∈ L 1 (Γ), then the injectivity of T f implies its surjectivity, where
is the right convolution operator defined by f .
Conjecture 1
For any discrete group Γ and f ∈ L 1 (Γ) the injectivity of T f : L ∞ (Γ) → L ∞ (Γ) implies its surjectivity.
In this paper we prove that the conjecture holds for sofic groups.
Theorem 1 Let Γ be a sofic group and f ∈ L 1 (Γ). Then the injectivity of T f :
The notion of sofic groups was introduced by Gromov [7] and Weiss [8] . We recall the definition of soficity from [5] for finitely generated groups. Note that a group in general is sofic if all of its finitely generated subgroups are sofic. 
For any
Note that this definition does not depend on the particular choice of the generating set. The main examples of sofic groups are residually finite and amenable groups. Direct products, free products, direct and inverse limits of sofic groups are sofic as well. If N ⊳ Γ, N is sofic and Γ/N is amenable, then Γ is also sofic. Several interesting conjectures stated for arbitrary groups can be proven for sofic groups, such as the Gottschalk's Conjecture, the Direct Finiteness Conjecture of Kaplansky, or the Determinant Conjecture of Lück (see [1] [4], [5] , [6] ). No example of non-sofic groups is known yet.
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Preliminaries
Proposition 2.1 Suppose that for a countable group Γ the injectivity of
Then for the group Γ, Conjecture 1 holds.
the weak-⋆ (pointwise) convergence. We claim that for large indices, Ker T fn = {0} as well.
Since any left translate of h n k is in the kernel of T fn k we can suppose that |h n k (1)| > . By the weak-⋆ compactness of the unit ball of
has a non-zero weak-⋆ limit point h, for which T f (h) = 0. Hence we may suppose that f n
is bounded, where denotes the operator norm on
is not bounded, then by the Banach-Steinhaus Theorem there exists
follows, where
Thus we may suppose that
That is { h n ∞ } ∞ n=1 is bounded and again we can pick a weak-⋆ convergent subsequence converging to h ∈ L ∞ (Γ). Consequently, T f (h) = r. Proof. If f ∈ L 1 (Γ), then its support is countable, and hence generates a countable subgroup Proof. Suppose that for Γ our conjecture does not hold. Then by the previous lemma, there exists a countable subgroup Γ ′ ⊂ Γ for which the conjecture does not hold as well.
By Proposition 2.1, there exists f ∈ C(Γ) such that T f is injective and it is not surjective.
The support of f generates a finitely generated subgroup Γ ′′ ⊂ Γ ′ . By our assumption, the
well, leading to a contradiction. .
Thus, in order to prove Theorem 1 we may suppose that Γ is a finitely generated sofic group.
(see also Lemma 1.1 in [3])
Proof.
is an unbounded sequence. Then for a subsequence
That is we have a weak-⋆ convergent subsequence s n i ⋆ → s = 0. Then T f (s) would be zero.
is a bounded sequence and thus it has a weak-⋆ limit point h for which T f (h) = g.
The proof of Theorem 1
From now on, let Γ be a finitely generated sofic group with a symmetric generating set S.
We suppose that f = f γ γ ∈ CΓ and that T f is injective. By Lemma 2.3 it is enough to prove that Im T f is dense in the weak-⋆ topology. The density of Im T f means that for
be the sequence of graphs as in Definition 1.1. Let Z k,n ⊂ V (G n ) be the set of vertices p for which the colored graphs B k (p) are not isomorphic to |γ| .
Let L(G n ) denote the vector space of complex functions on V (G n ). The linear operators
is the unique colored graph isomorphism mapping 1 to p.
Proof. Suppose that there exists a function g on
Indeed if q is such a vertex then
Proof. Consider the balls {B 2k (q
. By the maximality assumption their union must cover the set V (G n )\Z w(f )+k,n . Since the number of vertices in the balls of radius 2k in the sets V (G n ) are uniformly bounded above and
the inequality lim sup n→∞ α(n) |V (Gn)| > 0 follows. Now we finish the proof of Proposition 3.1. By (1) 
< 1, in contradiction with the assumption in the proposition. Now we only need to prove the following proposition.
Proof. We must show that
So, let us suppose that on the contrary,
Hence we have a subsequence {T n k } ∞ k=1 such that for any k ≥ 1:
Let us observe that there exists a sequence of integers s k → ∞ such that
That is, for some sequence of integers r k → ∞:
By (3), for large indices k there exist 0 = f n k , g n k ∈ Ker T n k , f = g such that
That is f n k − g n k = h n k = 0 is supported on the complement of B r k (Z s k ,n k ) and h n k ∈ Ker T n k . Now let m n k = sup q∈V (Gn k ) |h n k (q)| and consider the sequence h
Then |h ′ n k (p n k )| = 1 for some p n k ∈ V (G n k )\B r k (Z s k ,n k ) and sup q∈V (Gn k ) |h ′ n k (q)| = 1.
Now consider the isomorphisms
Define for each k ≥ 1, F k ∈ L ∞ (Γ) the following way. Let F k (γ) = 0, if γ > r k and
It is easy to see that
has a non-zero weak-⋆ limit point F ∈ L ∞ (Γ) for which T f (F ) = 0, leading to a contradiction. Hence (2) follows.
Now the proof of Theorem 1 is complete.
